Let G be a group and w(x) = xilg,xi2g, ... x'kg, be an element of G * (x) (the free product of G and the cyclic group with one generator x). Let us assume that JJ, i, = d # 0. Then, changing x to x-' if necessary, we can assume that d is bigger then zero. In what follows d denotes this positive cumulative degree of w with respect to x. Under this assumption we will construct an extension of the group G in which the equation w"(x) = 1 has a solution for some n.
Let A be the set of all two-sided infinite sequences of elements of G. If a E A we denote by aj the jth term in the sequence a(aj E G). G can be represented as a group of permutations of A in many different ways. We are going to use the following representation: g(a) = b if bj = aj for j# 0, b, = ga, and identify G with the corresponding group of permutations. 
Prooj
Let p be a permutation such that c = p(a) is given by cj+ 1 = pjaj, where the pi are elements of G which we will find. Then w(p)(a) = b is given by (1) to denote this system of equations also.) We are ready now to construct an extension of G in the case d = 1. In this case all pi are determined by the system (1) and it follows that all pi with sufficiently large 1 jl (e.g., 1 jl > m = 2, I i,I) are equal to 1. Indeed, all g; with I ji > m are equal to 1.
We consider now the set A,, of all periodic sequences with period 4m. Each of these sequences corresponds to the finite sequence of length 4m obtained by identifying gj with gj(mod 4m). We define a permutation p' of A,, by c = p'(a) if cj+i = pjaj with pj determined from system (l), 0 < j < 4m, where cd,,, = c,. Then w(p') is a shift and w""(p') is the identity permutation.
In the case d > 1 groups of permutations of certain sets of finite sequences also give us the extensions we are looking for. But here, generally, speaking, the terms gj of these sequences should be taken from some extension of G: we can not choose pO, p, ,..., pd-2 from G in such a way that the restriction of p on the corresponding set of finite sequences turns w into a shift. LEMMA 2. The solution of system (1) can be given by: The equation w"(x) = 1 is solvable over group G for some n<4C,li,I+C,~,.
Proof. As a first step we extend group G to the group L where Eq. (4) has a solution. Let m = C, 1 i,) and u = -4m + 1 (mod d), 0 < u < d. NOW let us consider the set of sequences (a-2m-u+, , a-2m-u + 2 ,..., a,,..., a2,,,) and represent the group G as a group of permutations on this set as was done above: g multiplies the 0th coordinate of a by g and fixes all others.
We consider now the permutation p' such that c = p'(a) is given by cj+l = pjaj for -2m -u + 1 < j < 2m and c-~,,-~+, = p2,,,a2,,,, where pi E L, p0 satisfies Eq. (4), and all other pj are determined by the systems (3) and (2) . Then w(p') is a shift and w 4m+u(p') is the identity permutation. So equation w"(x) = 1 has a solution over group G for II = 4m + u.
Remark. We were not concerned with searching for the best possible estimation of it in this setting. We were looking rather for further conlirmation of the following conjecture:
